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1 Introduction

There are four familiar (standard) arithmetic operations between compact intervals
used in interval arithmetic [10, 17]. In addition to them we shall use four other
arithmetic operations, which we shall call non-standard. Thus we shall use
eight arithmetic operations alltogether. However, the classification of the eight
arithmetic operations into standard and non-standard is not very convenient. We
shall classify the whole set of operations into two groups — four basic arithmetic
operations and four auxtliary arithmetic operations, which are compositions of
the basic ones. The set of basic operations comprises two standard operations
(the familiar addition and multiplication) and two non-standard operations (for
subtraction and division). In this paper we consider the algebraic structure of
the space of compact intervals together with the basic arithmetic operations and
give some possible applications of this structure.

We shall give first a general idea of the basic and auxiliary operations and some
motivation for their use. More motivations will be given in Sections 5 and 8.

The standard arithmetic addition and multiplication of intervals a = [a1, as],
b = [by,bs] are defined by axb = {a*x | a € a, g € b}, where x € {4, x}. We
may note that the interval a % b is the largest interval determined by the points
a; *b;, 1,7 = 1,2, that is

a *x b = [min{a1 * bl,al * bz,az * bl,az * bz},max{al * bl,al * bz,az * bl,az * bz}]

Denote the (actual) end-points of this interval by & and 3, that is a%b = [a, 3],
where «, 8 € {a; * b;}; j—1 2. Assume that ¢ and b are not degenerate, that is
a1 7 as, by # ba, so that a; *x b;, ¢,j = 1,2, are four different points and exclude



the points a, 5 from the set {a; * b;}. The remaining two points then, say ¥, 9,
¥ < d, determine a shorter interval [y, §], such that [y, ] € [a, 3]. We shall denote
this interval by a @ b or a ® b depending on whether * = 4+ or * = x. In interval
computations we shall sometimes make use of this interval(s).

To illustrate this let us express the interval ¢ = {a + a? | a € a} by means
of the interval a, where a does not intersect (—1/2,0). If ¢ > 0, we can write
c=a+a? where a> = a x a. If a < —1/2, then ¢ cannot be expressed by a
using standard interval arithmetic. However, we can write ¢ = a @ in this case,
using auxiliary addition. The operations a &b and a ® b are defined for arbitrary
intervals a, b in sections 1 and 6 respectively.

The standard arithmetic subtraction and division are usually denoted by “—’
and “/” resp. However, it will be more convenient for us to denote these operations
by & and @ resp., that isa©b={a -3 |a€a, B€b},a0b={a/f|ac
a, B € b}. Thereby we preserve the notations a — b and a/b for non-standard
operations.

Note that the interval a © b is the largest interval determined by the points
a; —b;, 1, j =1,2. Suppose again for simplicity that a1 # a2, b1 # b2 and exclude
the end-points of the interval a © b from the set {a; — b;}; j=1,2. The remaining
two points determine a shorter interval, which we shall further denote by a — b.
This is the non-standard subtraction studied in some detail in Section 1. (The
non-standard division can be roughly described in a similar way; a detailed study
of it is given in section 6.)

In order to illustrate the use of the non-standard subtraction, consider the
inteval ¢ = {a —a? | & € a}, where a is a given interval, such that a((0,1/2) = 0.
In this case we may write

>

_fa—a? if a>1/2,
T asd? if a<0.

The arithmetic operations can be introduced in various order. Relying on the
fact that the reader is familiar with the standard arithmetic operations 4, x, —, /,
we may define b — a as the interval ¢, such that either a +¢c=bor & ¢ = a; we
may introduce b/a as the interval d, such that either ad = b or b ® d = a, etc.

We shall give the definitions of the arithmetic operations in a more natural
order. We shall first introduce the basic arithmetic operations +, x, —, /. Then
we shall take advantage of the fact that the auxiliary operations are simple
compositions of the basic ones, and namely: « $b=a— (=b), a ©b = a+ (—b),
a®b=ua/(1/b), a®b = a(1/b). Of course there is no need of special notations
for the auxiliary operations (recall that there is no need to use a special notation
for the operation @ 4 (—b) in the familiar interval arithmetic, either!); and we did
not use such notations in our previous communications [5, 8]. However, many
relations look much more simple and become easier to be memorized when using
special notations for the auxiliary operations.

For convenience of the reader we shall confine our attention first to the non-
standard subtraction of intervals, together with the standard addition and scalar



multiplication. The non-standard division is considered in Section 6.

2 Non-standard (Basic) Subtraction of Intervals

Throughout the paper the compact intervals on the real line IR are denoted by
a = [ay,az], b = [b1,ba], ¢ = [e1,¢2],..., and the reals by o, 5,7,.... In the set
I(IR) of compact intervals on IR we define the following three operations:

i) basic arithmetic addition:

[a1, as] +[b1, ba] := [a1 + b1, az + ba;
ii) scalar multiplication over IR:
a o [ay, as] := [min{aar, cas}, max{aa;, cas}];
iil) basic arithmetic subtraction:
[a1, az] — [b1, b2] := [min{ay — by, as — bo}, max{a; — by, as — bs}].

The product (—1)oa is briefly denoted by —a; the interval [, «] is also written
as «. The interval a + (—b) will be denoted by @ © b. This familiar operation
will be further called auxiliary subtraction; we have a © b = [a; — ba, as — by].
The interval ¢ — (—b) will be denoted by a @ b. The operation @ will be called
auxiliary addition; we have a ® b = [min{a; + bz, as + b1}, max{a; + bz, as + b1 }].

Consider the set I(IR) together with the operations +, o and —. The following
relations (some of which are well-known) hold true in the space < I(IR), 4, 0, — >

(Rl) a+b=b+aand (a+b)+c=a+ (b+c);

R2) a(b+ ¢) = ab+ ac;
) alb—c) = ab—ac;
ac+ fe, if af >0,
) (a4 B)e = { acd e, if af < 0;
) a(fe) = (aBc
Jloa=ua;
)O0oa=0;
R8)adb=0b6 a.

We pause here to derive some direct corollaries from these relations. We note
that a+0=0+a=a,a—0=a, 0 —a = —a and a — a = 0 for every interval a.
Relation (R4) can also be written:

| ac—=pe, if af >0,
(a—ﬁ)c_{ aco fe, if af < 0.
(—a

Relation (R8) can be written —b=(=b)—aoracb=(-b)+a. (R8)
and (R3) imply a — b = (=b) — (—a) = —(b— a).



We shall formulate now four more relations by means of the width function
w : I(IR) — IR, defined by w([a1,az]) = a2 — a1. By the way, w satisfies the
following relations:

(W1) w(a) > 0;

(W2) w(aoa) = |alu(a);

(W3) w(a+b) = wla) + w(b);

(W3) w(a —b) = |w(a) — w(b)].

By means of w the basic subtraction can be written:

_J [ar =bi,a2 = bo], if w(a) > w(b),
a-b= { [ag — ba,ay — by], if w(a) < w(b),

showing that the basic subtraction summarizes in a common formula the so-called
Hukuhara-differences. The first such difference is used for instance, in [12, 14];
both differences are studied in [2].

Similarly we can write

cap= ] bz aztb] il wa) > w(b),
l[as + b1, a1 +bo], if w(a) < w(b).

We recall that the operation a @ b for w(a) > w(b) (called pseudo-addition) is
used in [13].

According to (R8) the auxiliary addition is commutative. Tt is also semiassociative
in the sense that: (bae), it w() (w(a). w(0)]

ad(bdec), 1 wb)>maxqwl(a),wic)},

(R9) (¢ & b) & e = bd(eda), if w(a)gmax{w(b),w(c)}.

In other words the widest interval should be brackets in both sides of the
equality. For instance, if ¢ is the widest interval, then one can write a ® (b® ¢) =
(a®c) Db, ete.

In the next three relations we shall make use of the following (logical) propositions
with respect to the intervals a, b, ¢, d:

B; = (w(a) <w(e) .and. w(b) <w(d)) .or. (w(a) > w(e) .and. w(b) > w(d)),
By = (w(a) > w(c) .and. w(b) < w(d)) .or. (w(a) < w(e) .and. w(b) > w(d)),
D; = (w(a) < w(b) .and. w(c) < w(d)) .or. (w(a) > w(b) .and. w(c) > w(d)),
D = (w(a) > w(b) .and. w(c) < w(d)) .or. (w(a) < w(b) .and. w(c) > w(d)).

Remark: Propositions IB;—ID; are written in a form suitable to be used in
section 3, where general intervals are considered. For intervals from 7(IR) we
can simply write (w(a) — w(c))(w(b) — w(d)) > 0 instead of By etc.

We can formulate now the following relations:

w0 een-iera={ 70070 4 B

(
(a+c)—(b+d), if IDy,
(R11) (a—b)—i—(c—d):{ (ade)— (bpd), if IDyand By,
(adec)o (bdd), if IDyand Bs;

e



(a—¢c)—(b—=d), if ID; and By,
(R12) (a—b) —(c—d) =< (a—c¢)& (b—d), if ID; and By,
(acec)—(bed), if ID,.
Detailed verifications of the above relations and some corollaries are given
in [8]. In the same paper the problem of a basis in I(IR) is also discussed.
We shall say that a function || - || : I(IR) — [0, 00) is a norm in I(IR) if it
satisfies the relations:
(N1) [[a]| > 0, for a # 0; [|0]] = 0;
(N2) [|aval| = |a|||al];
(N3) [[a+ bl = ||al[+ [b]];
(N4) [[a —b]| = ||al+ [[b]]

It is readlily verified that ||[a1, as]|| = max{|a1]|, |az|} is a norm in I(IR); we
shall also denote this norm by || -|[;(r). The norm || -||;(r) generates the distance
r(a,b) = max{|a; — b1], |az — ba|}, that is we have [|a — b|| = r(a, b).

More generally, one can consider abstract interval space with basic subtraction.
In such spaces one can introduce a norm; and then study normed interval spaces.

3 Normed Interval Spaces

Denote by L a normed lattice, that is a vector lattice with a monotone norm
[| -1z [4], p- 376. (Monotonicity of || -|| means that |a1| < |as|, a1, a2 € L, implies
[lai|| < ||az]|; where |a;| = sup(a;, 0) 4+ sup(—a;, 0) = sup(a;, —a;).)

The set [a1,as] . ={a € L| a3 < a<as}, where a; < as, a1, as € L, is called
an interval in L. The set of all intervals in L is denoted by I(L).

Define the following operations in I(L):

i) addition:

[a1, as] + [b1, bo] == [inf(a1 + b1, as + b2), sup(as + b1, as + ba)] = [a1 + b1, az + b2];
ii) subtraction:
[a1, az] — [b1, b2] := [inf(ay — b1, az — ba),sup(a1 — b1, az — b2)];
ii1) scalar multiplication over IR:

[ay, was], if a >0,

alay, az] := [inf(aay, aas), sup(aa, aas)] = { [as aay], if o <0

We shall call the set I(L) together with these three operations an interval
space over L.

Consider the width function w : I(L) — L defined by w([a1, az]) = a2z — a;.
The function w satisfies relations (W1)—(W4).

It is easily verified that relations (R1)—(R12) hold true in an arbitrary interval
space over a vector lattice (by the remark that in relation (R9) “max” should be
replaced by “sup”).



An interval space I(L) over L, where L is a normed lattice can be normed
by means of ||[a1, a2]||7(zy := max{||ai]|z, [|az||r}. Tt is easlily seen that || - [|;r)
satisfies relations (N1)—(N4).

Therefore we may call an interval space over a normed lattice a normed interval
space.

Convergence in norm in a normed interval space is defined as usually as
follows: the sequence {x(")}52, in I(L) is said to converge in norm to x € I(L),
if limy, S o0 |2 — z|[rzy = 0. It is easily seen that a normed interval space I(L)
is a complete space in the metric r(z,y) = ||z —yl|r(z), if L is complete (that is L
is a Banach lattice [3], p. 366; [4], p. 376).

4 Interval Operators

Consider two normed lattice L; and Ls and the corresponding normed interval
spaces I(L1) and I(L2). An interval operator is a mapping U : D — I(La),
where D is a subset of I(L;). U is continuous at f € D, if ") € D, f") — f
(in the sense of || - ||f(z,)) implies U(f0)y — U(f) (in the sense of || - lr(z2))-

As an example of an interval operator consider the space C' of all continuous
(single-valued) functions in [0, 1] with the uniform norm ||¢||c = maxp<e<1 |@(2)]
and the corresponding interval space I(C'). o

The space I(C') is normed by

1llrey = 1A, £Mllriey = max{llfalles | falle} = mas [1£)] .

Consider the operator By, : I[(C') — I(C') defined by

Bu(fia) = ;:f(k/n) ()0 -

The operator By, (f) is quasilinear in the sense that By, (af) = a B, (f), Bn(fi+
f2) = Bp(f1) + Bn(f2), and is monotone: B,(f) > 0, for f > 0. We may note
that the equality B, (f1 — f2) = Bn(f1) — Ba(f2) is not satisfied in general, but
when w(f1) — w(f2) = const.

The following proposition holds true:

Proposition 1 For every ¢ > 0, there exists a positive integer n such that
1f(2) = Bn(f;2)ll1(cy <.
5 Differentiation and Integration of Interval Functions

An interval function (of a real variable) is a mapping f : D — I(IR), where D
is a fixed subset of IR. Continuity and limits of f are understood in the sense of
the norm || f||7(r), which leads to the same concepts as in [10].



We shall say that an interval function is w-increasing in D, if w(f(»)) is
increasing in D.
The derivative of the interval function f at z € D is:

['() = lim (F(z + b) = f(2))/h,
h—0
if the limit exists.
Several propositions using this definition are formulated below. Let us] remark
that our definition is very close (but not the same) to the definitions proposed

in [13, 14].

Proposition 2 (Mean-value theorem for interval functions) If the interval
funetion f is continuous in A = [a, 5] and differentiable in («, ), then f(3) —

fle) C f/(A)P = a), where f'(A) = Usea ['(9)-

The content of this theorem is very close to the corresponding theorem in [13].
Here is a simple corollary of the mean-value theorem:

Proposition 3 If the interval function f is continuous over [a, 8] and f'(x) =0
for oo < @ < 3, then f is a constant, that is f = ¢, ¢ € I(IR).

The integral of a function f : [a, 5] — I(IR) is defined after [1, 11] by

/ oy = [ / (@), / ’ f2<x>dx] |

where the functions f;, defined by f = [f1, f2], are integrable.

Proposition 4 If the interval function f is continuous in [a, §] and o < # < 3,
then the interval function F, defined by means of F(x) = f; f(t)dt is differentiable
infa,f] and F' = f.

Proposition 5 If the interval function F is w-increasing in [«, 8] and possesses
a continuous derivative F' = [ in [, 5], then

B
| reide=F(5) - Fla),

The last two propositions can be generalized by considering “absolute continuous
interval functions” [9].
Remark. An interesting theory can be developed [7] when using a more general
definition of derivative, based on the concept of S-limit [15]. In [7] we give a
comparison between the derivative Slimp_o(f(x+h)— f())/h and the derivative
Slimp—o(f(z + h) & f(x))/h, proposed by Bl. Sendov [16].



6 The Basic Division of Intervals

In what follows we shall mainly consider intervals on IR, which do not contain
zero. The set of all such intervals will be denoted by I*(IR). We shall introduce
some further notations for intervals from *(IR). An interval # € I*(IR) is either
positive (z > 0) or negative (z < 0), and we shall write s(z) = 1, if # > 0, and
s(z) = =1, if # < 0. We denote the end-point of # € I*(IR), which is closer to
zero by a., and the other end-point by «4; thus we have |z.| < |z4| and

| e, zq], if >0,
v [xq, 2], if #<0.

Consider the function v(z) defined in I(IR) by v(z) = z4/x.. We have: v(z) <
1. The function v plays an important role further on.

We shall recall now the basic multiplication ab = {af | « € a, 3 € b},
a,b € I(IR), expressing it by means of the end-points of the intervals. If one of
the intervals, say b, does not contain zero, we may write:

[acbe, agbg], if aZ0, s(a) =
ab =< [agbg,ach], if aZ0, s(a)#
(ba)a, if @30,

s(b),

s(b),

for all @ € I(IR), b € I*(IR). Using Sunaga’s notation a\/ 3 := [min{e, 5},
max{a, f}], a, f € IR [17], the last formula can be shortly written:

b — { (ache) V(agbq), if a 30,
| (ba)a, if a30.

We define the basic division by means of a similar formula:

_ | (ac/be)V(aa/ba), if a0,
a/b '—{ (1/bg)a, v if @30,

for all @ € I(IR), b € I*(IR). Of course we can define a/b without using “\/”, for

instance:

[ac/be,aq/ba], if aF0, s(ab)(v(a) —
a/b=7X [aq/bg,ac/b], if aF0, s(ab)(v(a)—
(1/b4)a, if a30.

We note that 1/b = 1/[b1,bs] = [b5",b7"]. Therefore a(1/b) is the standard
arithmetic division, producing generally a wider interval than a/b. We shall
further call the familiar operation a(1/b) auziliary division and shall denote it by
a@b = a(1/b). Similarly, we define the auziliary multiplication by a®b := a/(1/b).

The basic division has the important property that a/a = 1 for @ % 0. The
properties of the basic division can be easily obtained by the observation that



the algebraic structure of the space < I(IR), x,/ > is analogous to the algebraic
structure of the space < I(IR), +, — > as it is shown in [8]. The function v plays
thereby the role of the function w in the space < I(IR), 4+, — >.

The auxiliary multiplication produces generally a narrower interval than the
basic multiplication. It is a commutative operation, a @ b = b ® a. It is also a
semiassociative operation, that is

] (b®c)®a, if v(b) > max{v(a),v(c)},
(c@b)@e= { (a®c) @b, if v(a) > max{v(b),v(e)}.

In what follows we shall use all arithmetic operations. The following table
summarizes the whole set of operations used in extended interval arithmetic

operations in extended || basic auxiliary
interval arithmetic operations | operations
standard a—+b acb=a+ (-b)
operations axb a@b=uax(1/b)
non-standard a—b a®b=a—(-b)
operations afb a®b=a/(1/b)

We shall confine first our attention to the distributive laws in the extended
interval arithmetic, that is we shall formulate some relations between the operations
+,— at one side and the operations x,/ at the other side.

7 Distributive Laws in Extended Interval Arithmetic

As it is well-known, a,b,a + b € I*(IR) and ab > 0, then (a+ b)c = ac+ be. Using
extended interval arithmetic we can give the following solution to the case ab < 0.

Proposition 6 Ifa,b,c,a+b € I*(IR) and ab < 0, then

a®c+be, if vic)<v(a), s(bla+b)) <0,

(a+ b)e = ac+b®e, if v(c) <v(a), s(bla+b)) <0,
) a®c®be, if v(c) > wv(a), s(bla+b)) <0,
ac®db@e, if v(c) > v(a), s(bla+b)) <0

Similarly, for (a — b)c we can state the following proposition:
Proposition 7 If a,b,c,a—b € I*(IR) and ab > 0, then

ac — be, if s(a(a—2b)) >0,
(a—b)c=<% a®c—boec, if s(ala—1b)) <0, (via)—
a@cobece, if s(ala—=15))<0, (via)—



Proposition 8 Ifa,b,c,a—b € I*(IR) and ab < 0, then

acob®e, if wla) > wb), v(c) > v(b),
(a — b)e = ac—bQec, zf w(a) > w(b), v(c) < v(b),
a®cobe, if wla)<w), vic) > via),
a®c—be, if wla)<wd), vic)<va).

A paper by N. Dimitrova, containing more similar propositions is now in
preparation.

Here are two more examples, illustrating the possibilities of the extended
interval arithmetic.

Proposition 9 Ifa,b are two intervals, such that a—b and a+b does not contain
zero, then

Y :{ (@ =b)(a+b),  of s(a(a—b))(w(a)—
(a=b)@(a+b), of s(a(a—0b))(w(a)—

2

where a® == a X a.

Proposition 10 For every a,b € I(IR) we have exp(a + b) = exp(a) exp(b) and
exp(a — b) = exp(a)/ exp(b), where exp(a) = exp([a1, az]) := [exp(a1), exp(asz)].

8 Matrix Computations with Intervals

As it is well-known the set of solutions of a linear equation «é = 3, when « € a,
B €b (and @ € I*(IR), b € I(IR)) can be easily expressed by means of (standard)
interval arithmetic: 2 = b © a.

As a next example consider the system

045‘1‘77 = _1a
BE+n = 1,

where a € a, § € b (and a © b F 0). The sets x,y € I(IR) of solutions for £ and 5
can be again expressed by a, b, using standard interval arithmetic:

r = (=2)o (aob),
y = 1+20(@obol).

However, the standard interval arithmetic is of little help, when considering
the more complicate case:

0415-1-77 = ﬁla
OZ2€—|—7] = ﬁZa

10



where a1 € a1, as € az, B1 € b1, B2 € ba. If a1 S ay F 0, we obtain for the set of
solutions for &:

r= (b1 ©b2) @ (a1 ©az).

A much more difficult task is to find an expression for y = {n}. A student of
mine, I. Nedkov, obtained the following result:

b2+(b2@b1)®(a1®a2—1), if aQCO\/al,

ba @D (bo© b1) @ (a1 @ as — 1), if a3 C 0V as,
Yy = b2+(b2—b1)®(a1®a2—1), if 06&1\/&2 and w(bz)Zw(bl),

by + (bz — bl)/(al O as — 1), if 0€ay \/Clz, w(bz) > w(bl) and A > 0,

by @ (bz — bl)/(al O as — 1), if 0€ay \/Clz, w(bz) > w(bl) and A < 0,
where .

A = v(ay — ay)siEnWle)=wla)) _yp, — b)) /v(as).
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