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� Introduction

There are four familiar �standard arithmetic operations between compact intervals
used in interval arithmetic ���� ���
 In addition to them we shall use four other
arithmetic operations� which we shall call non�standard
 Thus we shall use
eight arithmetic operations alltogether
 However� the classi�cation of the eight
arithmetic operations into standard and non�standard is not very convenient
 We
shall classify the whole set of operations into two groups � four basic arithmetic
operations and four auxiliary arithmetic operations� which are compositions of
the basic ones
 The set of basic operations comprises two standard operations
�the familiar addition and multiplication and two non�standard operations �for
subtraction and division
 In this paper we consider the algebraic structure of
the space of compact intervals together with the basic arithmetic operations and
give some possible applications of this structure


We shall give �rst a general idea of the basic and auxiliary operations and some
motivation for their use
 More motivations will be given in Sections � and �


The standard arithmetic addition and multiplication of intervals a � �a�� a���
b � �b�� b�� are de�ned by a � b � f� � � j � � a� � � bg� where � � f���g
 We
may note that the interval a � b is the largest interval determined by the points
ai � bi� i� j � �� �� that is

a � b � �minfa� � b�� a� � b�� a� � b�� a� � b�g�maxfa� � b�� a� � b�� a� � b�� a� � b�g��

Denote the �actual end�points of this interval by � and �� that is a�b � ��� ���
where �� � � fai � bigi�j����
 Assume that a and b are not degenerate� that is
a� �� a�� b� �� b�� so that ai � bi� i� j � �� �� are four di�erent points and exclude

�



the points �� � from the set fai � big
 The remaining two points then� say �� ��
� � �� determine a shorter interval ��� ��� such that ��� �� � ��� ��
 We shall denote
this interval by a� b or a� b depending on whether � � � or � � �
 In interval
computations we shall sometimes make use of this interval�s


To illustrate this let us express the interval c � f� � �� j � � ag by means
of the interval a� where a does not intersect ���	�� �
 If a � �� we can write
c � a � a�� where a� � a � a
 If a 	 ��	�� then c cannot be expressed by a
using standard interval arithmetic
 However� we can write c � a�a� in this case�
using auxiliary addition
 The operations a� b and a� b are de�ned for arbitrary
intervals a� b in sections � and � respectively


The standard arithmetic subtraction and division are usually denoted by ���
and �	� resp
 However� it will be more convenient for us to denote these operations
by 
 and � resp
� that is a 
 b � f� � � j � � a� � � bg� a � b � f�	� j � �
a� � � bg
 Thereby we preserve the notations a � b and a	b for non�standard
operations


Note that the interval a 
 b is the largest interval determined by the points
ai� bj � i� j � �� �
 Suppose again for simplicity that a� �� a�� b� �� b� and exclude
the end�points of the interval a 
 b from the set fai � bjgi�j����
 The remaining
two points determine a shorter interval� which we shall further denote by a � b

This is the non�standard subtraction studied in some detail in Section �
 �The
non�standard division can be roughly described in a similar way� a detailed study
of it is given in section �


In order to illustrate the use of the non�standard subtraction� consider the
inteval c � f���� j � � ag� where a is a given interval� such that a

T
��� �	� � �


In this case we may write

c �

�
a� a�� if a � �	��
a
 a�� if a 	 ��

The arithmetic operations can be introduced in various order
 Relying on the
fact that the reader is familiar with the standard arithmetic operations ������ 	�
we may de�ne b� a as the interval c� such that either a � c � b or b
 c � a� we
may introduce b	a as the interval d� such that either ad � b or b� d � a� etc


We shall give the de�nitions of the arithmetic operations in a more natural
order
 We shall �rst introduce the basic arithmetic operations ������ 	
 Then
we shall take advantage of the fact that the auxiliary operations are simple
compositions of the basic ones� and namely� a � b � a� ��b� a 
 b � a � ��b�
a � b � a	��	b� a � b � a��	b
 Of course there is no need of special notations
for the auxiliary operations �recall that there is no need to use a special notation
for the operation a� ��b in the familiar interval arithmetic� either�� and we did
not use such notations in our previous communications ��� ��
 However� many
relations look much more simple and become easier to be memorized when using
special notations for the auxiliary operations


For convenience of the reader we shall con�ne our attention �rst to the non�
standard subtraction of intervals� together with the standard addition and scalar

�



multiplication
 The non�standard division is considered in Section �


� Non�standard �Basic� Subtraction of Intervals

Throughout the paper the compact intervals on the real line IR are denoted by
a � �a�� a��� b � �b�� b��� c � �c�� c���
 
 
 � and the reals by �� �� �� � � � 
 In the set
I�IR of compact intervals on IR we de�ne the following three operations�

i basic arithmetic addition�

�a�� a�� � �b�� b�� �� �a� � b�� a� � b���

ii scalar multiplication over IR�

�  �a�� a�� �� �minf�a�� �a�g�maxf�a�� �a�g��

iii basic arithmetic subtraction�

�a�� a��� �b�� b�� �� �minfa� � b�� a� � b�g�maxfa� � b�� a� � b�g��

The product ���a is brie�y denoted by �a� the interval ��� �� is also written
as �
 The interval a � ��b will be denoted by a 
 b
 This familiar operation
will be further called auxiliary subtraction� we have a 
 b � �a� � b�� a� � b��

The interval a � ��b will be denoted by a � b
 The operation � will be called
auxiliary addition� we have a� b � �minfa� � b�� a� � b�g�maxfa� � b�� a� � b�g�


Consider the set I�IR together with the operations ��  and �
 The following
relations �some of which are well�known hold true in the space � I�IR��� �� 
�

�R� a � b � b � a and �a � b � c � a � �b � c�
�R� ��b � c � �b � �c�
�R� ��b� c � �b� �c�

�R� �� � �c �

�
�c � �c� if �� � ��
�c� �c� if �� � ��

�R� ���c � ���c�
�R� �  a � a�
�R� �  a � ��
�R� a� b � b� a

We pause here to derive some direct corollaries from these relations
 We note

that a � � � � � a � a� a� � � a� �� a � �a and a� a � � for every interval a

Relation �R� can also be written�

��� �c �

�
�c� �c� if �� � ��
�c
 �c� if �� � ��

Relation �R� can be written ��a � b � ��b � a or a
 b � ��b � a
 �R�
and �R� imply a� b � ��b � ��a � ��b� a


�



We shall formulate now four more relations by means of the width function
w � I�IR �� IR� de�ned by w��a�� a�� � a� � a�
 By the way� w satis�es the
following relations�

�W� w�a � ��
�W� w��  a � j�jw�a�
�W� w�a � b � w�a � w�b�
�W� w�a� b � jw�a� w�bj

By means of w the basic subtraction can be written�

a � b �

�
�a� � b�� a� � b��� if w�a � w�b�
�a� � b�� a� � b��� if w�a � w�b�

showing that the basic subtraction summarizes in a common formula the so�called
Hukuhara�di�erences
 The �rst such di�erence is used for instance� in ���� ����
both di�erences are studied in ���


Similarly we can write

a � b �

�
�a� � b�� a� � b��� if w�a � w�b�
�a� � b�� a� � b��� if w�a � w�b�

We recall that the operation a� b for w�a � w�b �called pseudo�addition is
used in ����


According to �R� the auxiliary addition is commutative
 It is also semiassociative
in the sense that�

�R	 �a � b� c �

�
a� �b� c� if w�b � maxfw�a� w�cg�
b� �c � a� if w�a � maxfw�b� w�cg�

In other words the widest interval should be brackets in both sides of the
equality
 For instance� if c is the widest interval� then one can write a� �b� c �
�a� c � b� etc


In the next three relations we shall make use of the following �logical propositions
with respect to the intervals a� b� c� d�

IB� � �w�a 	 w�c 
and
 w�b 	 w�d 
or
 �w�a � w�c 
and
 w�b � w�d�

IB� � �w�a � w�c 
and
 w�b 	 w�d 
or
 �w�a 	 w�c 
and
 w�b � w�d�

ID� � �w�a 	 w�b 
and
 w�c 	 w�d 
or
 �w�a � w�b 
and
 w�c � w�d�

ID� � �w�a � w�b 
and
 w�c 	 w�d 
or
 �w�a 	 w�b 
and
 w�c � w�d�

Remark� Propositions IB��ID� are written in a form suitable to be used in
section �� where general intervals are considered
 For intervals from I�IR we
can simply write �w�a� w�c�w�b� w�d � � instead of IB� etc


We can formulate now the following relations�

�R�� �a � b� �c � d �

�
�a � c � �b� d� if IB��
�a � c� �b� d� if IB��

�R�� �a� b � �c � d �

��
�

�a � c� �b � d� if ID��
�a� c� �b� d� if ID� and B��
�a� c
 �b� d� if ID� and B��

�



�R�� �a� b� �c � d �

��
�

�a� c� �b� d� if ID� and B��
�a� c
 �b� d� if ID� and B��
�a
 c� �b
 d� if ID��

Detailed veri�cations of the above relations and some corollaries are given
in ���
 In the same paper the problem of a basis in I�IR is also discussed


We shall say that a function jj � jj � I�IR �� ���� is a norm in I�IR if it
satis�es the relations�

�N� jjajj
 �� for a �� �� jj�jj � ��
�N� jj�ajj� j�jjjajj�
�N� jja� bjj � jjajj� jjbjj�
�N� jja� bjj � jjajj� jjbjj

It is readlily veri�ed that jj�a�� a��jj � maxfja�j� ja�jg is a norm in I�IR� we

shall also denote this norm by jj � jjI�IR�
 The norm jj � jjI�IR� generates the distance
r�a� b � maxfja� � b�j� ja�� b�jg� that is we have jja� bjj � r�a� b


More generally� one can consider abstract interval space with basic subtraction

In such spaces one can introduce a norm� and then study normed interval spaces


� Normed Interval Spaces

Denote by L a normed lattice� that is a vector lattice with a monotone norm
jj � jjL ���� p
 ���
 �Monotonicity of jj � jjmeans that ja�j 	 ja�j� a�� a� � L� implies
jja�jj 	 jja�jj� where jaij � sup�ai� � � sup��ai� � � sup�ai��ai


The set �a�� a�� �� f� � L j a� 	 � 	 a�g� where a� 	 a�� a�� a� � L� is called
an interval in L
 The set of all intervals in L is denoted by I�L


De�ne the following operations in I�L�
i addition�

�a�� a�� � �b�� b�� �� �inf�a� � b�� a� � b�� sup�a� � b�� a� � b�� � �a� � b�� a� � b���

ii subtraction�

�a�� a��� �b�� b�� �� �inf�a� � b�� a� � b�� sup�a� � b�� a� � b���

iii scalar multiplication over IR�

��a�� a�� �� �inf��a�� �a�� sup��a�� �a�� �

�
��a�� �a��� if � � ��
��a�� �a��� if � � ��

We shall call the set I�L together with these three operations an interval

space over L

Consider the width function w � I�L �� L de�ned by w��a�� a�� � a� � a�


The function w satis�es relations �W���W�

It is easily veri�ed that relations �R���R�� hold true in an arbitrary interval

space over a vector lattice �by the remark that in relation �R	 �max� should be
replaced by �sup�


�



An interval space I�L over L� where L is a normed lattice can be normed
by means of jj�a�� a��jjI�L� �� maxfjja�jjL� jja�jjLg
 It is easlily seen that jj � jjI�L�
satis�es relations �N���N�


Therefore we may call an interval space over a normed lattice a normed interval

space

Convergence in norm in a normed interval space is de�ned as usually as

follows� the sequence fx�n�g�n�� in I�L is said to converge in norm to x � I�L�
if limn�� jjx�n�� xjjI�L� � �
 It is easily seen that a normed interval space I�L
is a complete space in the metric r�x� y � jjx�yjjI�L�� if L is complete �that is L
is a Banach lattice ���� p
 ���� ���� p
 ���


� Interval Operators

Consider two normed lattice L� and L� and the corresponding normed interval
spaces I�L� and I�L�
 An interval operator is a mapping U � D �� I�L��
where D is a subset of I�L�
 U is continuous at f � D� if f �n� � D� f �n� �� f
�in the sense of jj � jjI�L�� implies U �f �n� �� U �f �in the sense of jj � jjI�L��


As an example of an interval operator consider the space C of all continuous
�single�valued functions in ��� �� with the uniform norm jj�jjC � max��x�� j��xj
and the corresponding interval space I�C


The space I�C is normed by

jjf jjI�C� � jj�f�� f��jjI�C� � maxfjjf�jjC� jjf�jjCg � max
��x��

jjf�xjjI�R��

Consider the operator Bn � I�C �� I�C de�ned by

Bn�f �x �
nX

k��

f�k	n

�
n
k

�
xk��� xn�k�

The operator Bn�f is quasilinear in the sense that Bn��f � �Bn�f� Bn�f��
f� � Bn�f� � Bn�f�� and is monotone� Bn�f � �� for f � �
 We may note
that the equality Bn�f� � f� � Bn�f� � Bn�f� is not satis�ed in general� but
when w�f�� w�f� � const


The following proposition holds true�

Proposition � For every � 
 �� there exists a positive integer n such that

jjf�x�Bn�f �xjjI�C� � ��

	 Di
erentiation and Integration of Interval Functions

An interval function �of a real variable is a mapping f � D �� I�IR� where D
is a �xed subset of IR
 Continuity and limits of f are understood in the sense of
the norm jjf jjI�IR�� which leads to the same concepts as in ����


�



We shall say that an interval function is w�increasing in D� if w�f�x is
increasing in D


The derivative of the interval function f at x � D is�

f ��x �� lim
h��

�f�x � h� f�x	h�

if the limit exists

Several propositions using this de�nition are formulated below
 Let us� remark

that our de�nition is very close �but not the same to the de�nitions proposed
in ���� ���


Proposition � �Mean�value theorem for interval functions� If the interval

function f is continuous in � � ��� �� and di�erentiable in ��� �� then f�� �
f�� � f ����� � �� where f ��� �

S
��� f ����

The content of this theorem is very close to the corresponding theorem in ����

Here is a simple corollary of the mean�value theorem�

Proposition � If the interval function f is continuous over ��� �� and f ��x � �
for � � x � �� then f is a constant� that is f � c� c � I�IR�

The integral of a function f � ��� �� �� I�IR is de�ned after ��� ��� by

Z �

�

f�xdx �

�Z �

�

f��xdx�

Z �

�

f��xdx

	
�

where the functions fi� de�ned by f � �f�� f��� are integrable


Proposition � If the interval function f is continuous in ��� �� and � � x � ��
then the interval function F � de�ned by means of F �x �

R x
�
f�tdt is di�erentiable

in ��� �� and F � � f �

Proposition 	 If the interval function F is w�increasing in ��� �� and possesses

a continuous derivative F � � f in ��� ��� then

Z �

�

f�xdx � F ��� F ���

The last two propositions can be generalized by considering �absolute continuous
interval functions� �	�

Remark
 An interesting theory can be developed ��� when using a more general
de�nition of derivative� based on the concept of S�limit ����
 In ��� we give a
comparison between the derivative Slimh���f�x�h�f�x	h and the derivative
Slimh���f�x � h
 f�x	h� proposed by Bl
 Sendov ����
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� The Basic Division of Intervals

In what follows we shall mainly consider intervals on IR� which do not contain
zero
 The set of all such intervals will be denoted by I��IR
 We shall introduce
some further notations for intervals from I��IR
 An interval x � I��IR is either
positive �x 
 � or negative �x � �� and we shall write s�x � �� if x 
 �� and
s�x � ��� if x � �
 We denote the end�point of x � I��IR� which is closer to
zero by xc� and the other end�point by xd� thus we have jxcj 	 jxdj and

x �

�
�xc� xd�� if x 
 ��
�xd� xc�� if x � ��

Consider the function v�x de�ned in I�IR by v�x � xd	xc
 We have� v�x 	
�
 The function v plays an important role further on


We shall recall now the basic multiplication ab � f�� j � � a� � � bg�
a� b � I�IR� expressing it by means of the end�points of the intervals
 If one of
the intervals� say b� does not contain zero� we may write�

ab �

��
�

�acbc� adbd�� if a �� �� s�a � s�b�
�adbd� acbc�� if a �� �� s�a �� s�b�
�bda� if a � ��

for all a � I�IR� b � I��IR
 Using Sunaga s notation �
W
� �� �minf�� �g�

maxf�� �g�� �� � � IR ����� the last formula can be shortly written�

ab �

�
�acbc

W
�adbd� if a �� ��

�bda� if a � ��

We de�ne the basic division by means of a similar formula�

a	b ��

�
�ac	bc

W
�ad	bd� if a �� ��

��	bda� if a � ��

for all a � I�IR� b � I��IR
 Of course we can de�ne a	b without using �
W

�� for
instance�

a	b �

��
�

�ac	bc� ad	bd�� if a �� �� s�ab�v�a � v�b � ��
�ad	bd� ac	bc�� if a �� �� s�ab�v�a � v�b � ��
��	bda� if a � ��

We note that �	b � �	�b�� b�� � �b��� � b��� �
 Therefore a��	b is the standard
arithmetic division� producing generally a wider interval than a	b
 We shall
further call the familiar operation a��	b auxiliary division and shall denote it by
a�b � a��	b
 Similarly� we de�ne the auxiliary multiplication by a�b �� a	��	b


The basic division has the important property that a	a � � for a �� �
 The
properties of the basic division can be easily obtained by the observation that

�



the algebraic structure of the space � I�IR��� 	 
 is analogous to the algebraic
structure of the space � I�IR���� 
 as it is shown in ���
 The function v plays
thereby the role of the function w in the space � I�IR���� 



The auxiliary multiplication produces generally a narrower interval than the
basic multiplication
 It is a commutative operation� a � b � b � a
 It is also a
semiassociative operation� that is

�a � b� c �

�
�b� c� a� if v�b � maxfv�a� v�cg�
�a� c� b� if v�a � maxfv�b� v�cg�

In what follows we shall use all arithmetic operations
 The following table
summarizes the whole set of operations used in extended interval arithmetic

operations in extended basic auxiliary
interval arithmetic operations operations

standard a � b a
 b � a � ��b
operations a� b a� b � a� ��	b
non�standard a� b a� b � a� ��b
operations a	b a� b � a	��	b

We shall con�ne �rst our attention to the distributive laws in the extended
interval arithmetic� that is we shall formulate some relations between the operations
��� at one side and the operations �� 	 at the other side


� Distributive Laws in Extended Interval Arithmetic

As it is well�known� a� b� a� b � I��IR and ab 
 �� then �a� bc � ac� bc
 Using
extended interval arithmetic we can give the following solution to the case ab � �


Proposition 
 If a� b� c� a� b � I��IR and ab � �� then

�a � bc �

�

�


�

a� c � bc� if v�c 	 v�a� s�b�a � b 	 ��
ac � b� c� if v�c 	 v�a� s�b�a � b � ��
a� c � bc� if v�c 
 v�a� s�b�a � b 	 ��
ac� b� c� if v�c 
 v�a� s�b�a � b � ��

Similarly� for �a� bc we can state the following proposition�

Proposition � If a� b� c� a� b � I��IR and ab 
 �� then

�a�bc �

��
�

ac� bc� if s�a�a � b � ��
a� c � b� c� if s�a�a � b � �� �v�a � v�c�v�b � v�c � ��
a� c 
 b� c� if s�a�a � b � �� �v�a � v�c�v�b � v�c � ��

	



Proposition � If a� b� c� a� b � I��IR and ab � �� then

�a � bc �

�

�


�

ac
 b� c� if w�a � w�b� v�c � v�b�
ac� b� c� if w�a � w�b� v�c � v�b�
a� c
 bc� if w�a � w�b� v�c � v�a�
a� c� bc� if w�a � w�b� v�c � v�a�

A paper by N
 Dimitrova� containing more similar propositions is now in
preparation


Here are two more examples� illustrating the possibilities of the extended
interval arithmetic


Proposition  If a� b are two intervals� such that a�b and a�b does not contain
zero� then

a� � b� �

�
�a � b�a � b� if s�a�a � b�w�a �w�b � ��
�a � b� �a � b� if s�a�a � b�w�a �w�b � ��

where a� �� a� a�

Proposition �� For every a� b � I�IR we have exp�a � b � exp�a exp�b and

exp�a� b � exp�a	 exp�b� where exp�a � exp��a�� a�� �� �exp�a�� exp�a���

 Matrix Computations with Intervals

As it is well�known the set of solutions of a linear equation � � �� when � � a�
� � b �and a � I��IR� b � I�IR can be easily expressed by means of �standard
interval arithmetic� x � b� a


As a next example consider the system

� � � � ���

� � � � ��

where � � a� � � b �and a
 b �� �
 The sets x� y � I�IR of solutions for  and �
can be again expressed by a� b� using standard interval arithmetic�

x � ���� �a
 b�

y � � � �� �a� b
 ��

However� the standard interval arithmetic is of little help� when considering
the more complicate case�

�� � � � ���

�� � � � ���

��



where �� � a�� �� � a�� �� � b�� �� � b�
 If a� 
 a� �� �� we obtain for the set of
solutions for �

x � �b� 
 b�� �a� 
 a��

A much more di!cult task is to �nd an expression for y � f�g
 A student of
mine� I
 Nedkov� obtained the following result�

y �

�



�




�

b� � �b� 
 b� � �a� � a� � �� if a� � �
W
a��

b� � �b� 
 b� � �a� � a� � �� if a� � �
W
a��

b� � �b� � b� � �a� � a� � �� if � � a�
W
a� and w�b� � w�b��

b� � �b� � b�	�a� � a� � �� if � � a�
W
a�� w�b� 
 w�b� and A � ��

b� � �b� � b�	�a� � a� � �� if � � a�
W
a�� w�b� 
 w�b� and A � ��

where
A � v�a� � a�

sign�w�a���w�a��� � v�b� � b�	v�a��
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